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 1 
THE APPLICATION OF PLASTIC FLOW THEORY TO INELASTIC 1 
COLUMN BUCKLING 2 
by Jurgen Becque
1
 3 
 4 
ABSTRACT 5 
 6 
The paper presents a theory of inelastic column buckling which is consistent with the 7 
principles of plastic flow theory. The theory accounts for flexural, torsional and flexural-8 
torsional modes. While the use of the tangent modulus to describe inelastic flexural 9 
buckling has been common place for a long time, efforts to comprehensively unite the 10 
torsional and flexural-torsional modes with the principles of plastic flow theory have so far 11 
EHHQKDPSHUHGE\WKHµSODVWLFEXFNOLQJSDUDGR[¶New theoretical developments presented 12 
in this paper provide a way to achieve this goal. The solution hinges on the derivation of the 13 
inelastic shear stiffness while considering an infinitesimal solid element embedded within 14 
the column at a stage immediately past the point of buckling. 15 
The proposed inelastic column theory is verified against selected experimental data 16 
pertaining to aluminium and stainless steel columns of various cross-sections. Particular 17 
attention is paid to the torsional buckling problem of the inelastic cruciform section column. 18 
  19 
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1.  BACKGROUND 1 
 2 
With respect to inelastic flexural buckling of columns, Engesser (1889) was the first to 3 
propose the use of the tangent modulus Et to predict the buckling load of an initially 4 
perfectly straight, inelastic column E\PRGLI\LQJ(XOHU¶VGLIIHUHQWLDOHTXDWLRQDVIROORZV 5 
 6 
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where u is the lateral column deflection, P is the axial compressive load and I is the second 9 
moment of area of the cross-section about the principal axis about which bending takes 10 
place. Eq. (1) results in an expression for the column buckling load: 11 
 12 
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 14 
where Le is the effective length, dependent on the boundary conditions. 15 
While straightforward, (QJHVVHU¶VDSSURDFKUHFHLYHGFULWLFLVPIURPConsidère (1891) who 16 
argued that, as the column starts to bend out laterally, elastic unloading takes place on the 17 
convex side of bending and that consequently, the bending stiffness is not simply 18 
determined by EtI. Engesser (1895) replied by proposing his ³double-modulus´RU³UHGXFHG19 
PRGXOXV´ theory, where: 20 
 3 
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Ic and It are the second moments of area of the parts of the cross-section subjected to 4 
compression and tension with respect to the neutral axis, respectively, and E0 is the initial 5 
elastic modulus. 6 
It soon became apparent that Eq. (2) showed much better agreement with the experiment 7 
than Eq. (3), which consistently led to overestimates. Shanley (1947) shed light on this 8 
seeming paradox by pointing out that Eq. (2) does indeed constitute the buckling load of 9 
the column since it indicates the point of bifurcation above which the column cannot be in a 10 
state of stable equilibrium while remaining straight. Moreover, lateral buckling does not 11 
take place under a constant load, but elastic unloading on the convex side instead results in 12 
postbuckling capacity. 13 
A realistic theory describing buckling of inelastic columns involving torsion, which may 14 
either occur as pure torsional buckling or combined flexural and torsional buckling, based 15 
on the principles of plastic flow theory has not yet been presented. The challenge thereby 16 
lies in modelling the relationship between increments of shear stress and shear strain at the 17 
onset of buckling. A previous interpretation of plastic flow theory (Hutchinson 1974, 18 
Lubliner 1990, Bazant and Cedolin 1991) has suggested that the increments of shear stress 19 
 4 
and shear strain remain linked through the elastic modulus E0 at the onset of buckling and 1 
that, therefore, the torsional resistance remains unaffected by the axially induced plasticity. 2 
This conclusion, however, stands in clear contradiction with experimental observations, as 3 
demonstrated by, among others, Batdorf (1949), Onat and Drucker (1952), Hutchinson 4 
(1974), Lubliner (1990) and Bazant and Cedolin (1991). 7KLV³SODVWLFEXFNOLQJSDUDGR[´, 5 
as it is often named in literature, is particularly exemplified by the torsional buckling 6 
problem of the inelastic cruciform column, since this particular cross-section relies on the 7 
shear stresses resulting from pure torsion to a much larger extent than on the (negligible) 8 
longitudinal warping stresses in its buckling resistance. Experiments on cruciform sections 9 
have indicated that plastic flow theory substantially overestimates the buckling load. On the 10 
other hand, buckling theories based on plastic deformation theory, which is generally 11 
considered flawed and inferior in its concept to plastic flow theory, have so far yielded the 12 
better predictions in relation to column buckling problems involving torsion. This is more 13 
generally true for inelastic bifurcation problems and this paradoxical issue continues to 14 
hamper theoretical stability research, as demonstrated recently by, for instance, Rønning et 15 
al. (2010) for plates, Shamass et al. (2015) for cylindrical shells and Ruocco (2015) for 16 
instabilities in thin-walled elements in general. The plastic buckling paradox has also been 17 
excellently illustrated for thick and thin plates under uniaxial, biaxial and shear loading by 18 
Wang et al. (2001), Wang and Tun Myint Aung (2007) and Wang and Huang (2009). The 19 
problem also arises within the context of Generalized Beam Theory (GBT), as 20 
demonstrated by Gonçalves and Camotim (2007). The authors developed two GBT 21 
formulations, incorporating either deformation theory or flow theory. These new 22 
 5 
formulations were then applied to the cases of simple plates under uniform compression 1 
and hat section beams in uniform bending. It was concluded that the flow-based GBT 2 
resulted in much higher predictions of the buckling stresses than the deformation-based 3 
theory. 4 
Interestingly, it has been observed (Shamass 2015) that the results of geometrically non-5 
linear finite element analyses using flow theory with an associated flow rule are unaffected 6 
by the plastic buckling paradox. While no explanation has yet been provided as to why an 7 
incremental numerical approach remedies the problem, a firm conclusion can be drawn 8 
from this observation, namely that the plastic buckling paradox is not due to any inherent 9 
shortcomings or limitations of flow theory itself, but rather a result of an incorrect 10 
application of its principles. This idea is central to the theory proposed in this paper.    11 
Onat and Drucker (1953) demonstrated that the plastic buckling paradox can be 12 
circumvented by incorporating imperfections into the model and that even very small, 13 
inevitable imperfections have a severe impact on the buckling load, reducing it to levels 14 
close to those predicted by deformation theory. Hutchinson and Budiansky (1976) 15 
confirmed this finding for low strain-hardening metals. However, they also demonstrated 16 
that for metals with significant strain-hardening the imperfections have to be of such 17 
PDJQLWXGHWKDWWKH\FDQQRORQJHUEHFRQVLGHUHGµVPDOODQGLQHYLWDEOH¶, thus suggesting that 18 
2QDWDQG'UXFNHU¶VH[SODQDWLRQLVQRWHQWLUHO\VDWLVI\LQJ 19 
The approach presented in this paper differs from the aforementioned rationale in that a 20 
perfectly straight column is considered, without initial imperfections. Instead, the plastic 21 
buckling paradox is resolved by deriving a relationship between shear stress and shear 22 
 6 
strain increments at the onset of buckling, while applying the plastic flow rule to a solid 1 
element in its shear deformed shape. The basic principles of plastic flow theory, however, 2 
are retained.  3 
 4 
2. INELASTIC SHEAR STIFFNESS 5 
 6 
An expression for the inelastic shear stiffness G1 of a non-linear metal is first derived, 7 
accounting for the presence of a uniaxial compressive stress. G1 will be used in the 8 
following paragraphs to relate increments of shear stress and shear strain at the point of 9 
column buckling. The derivation here presented is a generalized and amended version of 10 
the one contained in Becque (2010). 11 
We consider the material stress-strain curve of a non-linear metal, as determined from a 12 
uniaxial compression test (Fig. 1). It is a generally accepted postulate of plasticity that an 13 
increment in axial strain 1H  is composed of an reversible elastic component el,1H  and an 14 
irreversible plastic component p,1H : 15 
 16 
p,1el,11 HH H            (5) 17 
 18 
Eq. (5) can be written in terms of the increment in axial stress 1V associated with 1H : 19 
 20 
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 1 
where E0 is the elastic modulus, Et is the tangent modulus at the relevant stress level and Ep 2 
relates the plastic stress and strain increments. Thus: 3 
 4 
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 6 
Plastic flow theory also dictates that the incremental plastic strain in the perpendicular 7 
principal 2-direction is given by:  8 
 9 
P,1P,2 HN H             (8) 10 
 11 
An associated flow rule is adopted, so that N in Eq. (8) is determined by the slope of the 12 
normal to the flow surface (Drucker 1950). When the von Mises surface is used (Fig. 2), N 13 
amounts to -1/2 under uniaxial compression. However, the calculations will carry a general 14 
N value to allow for possible plastic anisotropy in the material. 15 
Figure 3a depicts an infinitesimal element of material embedded within the column wall at 16 
a certain depth in the thickness direction. Up to the point of buckling, the principal 1-17 
direction of stress coincides with the longitudinal axis of the column, while we orient the 2-18 
direction in the tangential direction along the heart line of the cross-section. When the 19 
axially applied stress reaches a critical stress Vcr with respect to the torsional or flexural-20 
torsional buckling mode, a further stress increment 1V will cause the infinitesimal element 21 
 8 
to undergo incremental deformations in the 1- and 2-directions, as well as deformations in 1 
shear characterized by the angles 1T  and 2T  in Figure 3a. The angles 1T  and 2T  are, in 2 
general, different as the infinitesimal element may also undergo a rigid body rotation 3 
relative to the direction of the axial stress in addition to its shear deformations. The load on 4 
the column is thereby assumed to be a gravity load or similar to a gravity load in a sense 5 
that it maintains its vertical direction in space as the column buckles. 6 
It is noted that the classical formulation of flow theory does not predict any plastic shear 7 
deformations to take place in this process (Hutchinson 1974, Lubliner 1990, Bazant and 8 
Cedolin 1991). In other words, the incremental shear deformations are purely elastic. 9 
However, this point of view can be dislodged by considering the infinitesimal plate element 10 
in LWV GHIRUPHG VKDSH )LJXUH D LQ FRPELQDWLRQ ZLWK 0RKU¶V FLUFOH RI WKH incremental 11 
plastic strains (Figure 3b). For completeness, a few notes should be added. First, the 12 
incremental plastic deformation in the thickness direction, p,3H , is non-zero. However, since 13 
the 3-direction constitutes a principal direction and is also the axis of rotation of our 14 
reference system, the use of Mohr¶VFLUFOHLV LQGHHGMXVWLILHG6HFRQGplastic flow theory 15 
dictates that the principal directions of the incremental plastic strains coincide with the 16 
principal directions of the (total) stresses. At the point of buckling, infinitesimal plate 17 
bending stresses and shear stresses develop. However, since these additional stresses are 18 
initially infinitesimal, they do not affect the principal directions of stress. For the purpose of 19 
considering the incremental step in Figure 3 immediately past the point of buckling, the 20 
principal directions of stress (and thus of incremental plastic strain) remain firmly pointed 21 
along the column axis and in the perpendicular direction within the column wall.   22 
 9 
While the infinitesimal plate element in Figure 3a deforms, the sides a-a and b-b rotate 1 
from their initial vertical and horizontal positions to final inclined positions at the end of 2 
WKH ORDG LQFUHPHQW $W DQ\ VWDJH GXULQJ WKLV WUDQVLWLRQ 0RKU¶V FLUFOH LQGLFDWHV WKH3 
magnitude of plastic shearing which occurs along a-a and b-b. It is clear that, while planes 4 
a-a and b-b rotate, the instantaneous magnitudes of the shear strains along a-a and b-b 5 
(which are initially zero) gradually increase. The total plastic strain increments need 6 
therefore be found by incremental integration, where the total increment in principal plastic 7 
strain p,1H  is subdivided into a number of intervals   DTH dp 1,1  . The sum of the dD µV8 
thereby adds up to 1T ,QHDFKLQWHUYDOWKHUDGLXVRI0RKU¶VFLUFOH is given by: 9 
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Therefore, the total plastic shear strains along a-a and b-b at the end of the increment are 13 
found as follows:   14 
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 10 
Eqs. (10-11) use the fact that, since Fig. 3a represents a state immediately past the point of 1 
buckling, the angles 1T  and 2T  are necessarily small. 2 
The increment in axial stress 1V  causes incremental shear stresses along the sides a-a and 3 
b-b which, given the state of plane stress, can be determined using 0RKU¶V FLUFOH for the 4 
incremental stresses (Fig. 3c): 5 
 6 
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When a stress increment 1V  is applied in the axial direction of the column, the material 9 
responds with a tangent stiffness Et which is dependent on the stress level V1 and which can 10 
be determined from the uniaxial stress-strain curve. At the point of buckling the strain 11 
hardening rule can therefore be written (with the help of Eq. 7) as: 12 
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Using Eq. (14) the angles 1T  and 2T  can be eliminated from Eqs. (9-10) and Eqs. (12-13): 16 
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The constitutive equations (15-16) are independent of the angles 1T  and 2T  (within small 3 
perturbations of the unbuckled state) and, by consequence, have to hold true at the point of 4 
buckling itself. At this limit point, when the column is in an undeformed state (apart from 5 
an axial shortening), the angles 1T  and 2T  are zero and the planes a-a and b-b in Fig. 3 are 6 
perpendicular to each other. However, Eqs. (15-16) are still valid. In this undeformed state, 7 
reciprocity of the shear stresses holds, and thus: W W W  ba , while the total plastic shear 8 
straining can determined by adding Eqs. (15-16) (something which is, of course, not 9 
possible in the deformed state): 10 
 11 
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The elastic shear strain is governed by the well-known equation: 14 
 15 
 
0
el
G
W J            (18) 16 
 17 
where G0 is the elastic shear modulus: G0 = E0/[2(1+Q)].  18 
The total shear strain increment is then given by: 19 
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 3 
Using Eq. (7) to eliminate Ep  yields the equation: 4 
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The inelastic shear modulus G1, valid at the point of buckling, is thus given by: 8 
 9 
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3. DIFFERENTIAL EQUATIONS 12 
 13 
The differential equations describing the stability of an elastic thin-walled column without 14 
imperfections have been presented by Timoshenko (1945) (see also Timoshenko and Gere 15 
1961), based on earlier work by Kappus (1937), Wagner and Pretschner (1936), Bleich and 16 
Bleich (1936), and Goodier (1942):   17 
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In the above equations, the z-axis has been chosen to coincide with the longitudinal axis of 4 
the column, while the x- and y-axes are the principal axes within the cross-section (Fig. 4). 5 
The displacements u and v are those of the shear centre in the x- and y-directions, 6 
respectively, while the angle I measures the rotation of the cross-section about the 7 
longitudinal axis through the shear centre. Furthermore, x0 and y0 are the coordinates of the 8 
shear centre relative to the centroid C, P is the axial load, Ix and Iy are the second moments 9 
of area about the x- and y-axes, respectively, CZ is the warping constant, J is the torsional 10 
constant, A is the cross-sectional area, and Ip is the polar moment of area: 11 
 12 
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When considering bifurcation of an inelastic column, the torsional resistance associated 15 
with pure St. Venant torsion is governed by shear stresses which are linked to the shear 16 
strains by the inelastic modulus G1, as determined by  Eq. (21). Therefore, the torsional 17 
rigidity G0J in Eq. (24) needs to be replaced by G1J for an inelastic column. A second 18 
contribution to the torsional resistance results from the development of longitudinal 19 
warping stresses in non-uniform torsion. In an inelastic material, the longitudinal stress and 20 
 14 
strain increments at the onset of buckling are related through the tangent modulus Et. 1 
Therefore, the warping resistance of an inelastic column at the onset of buckling is 2 
governed by EtCZ. 3 
Furthermore, at the buckling load the longitudinal stress and strain increments due to 4 
bending are also linked by the tangent modulus Et 6KDQOH\¶V LQVLJKWV (1947) thereby 5 
indicate that no elastic unloading on the convex side of bending must be considered.  6 
Based on these considerations, the differential equations describing stability of an inelastic 7 
column can now be written as:  8 
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3. COLUMNS WITH A DOUBLY SYMMETRIC CROSS-SECTION 14 
For columns with a doubly symmetric cross-section, the centroid and the shear centre 15 
coincide, so that: x0 = y0 = 0, and: Ip = Ix + Iy. Eqs. (26-28) now become a set of uncoupled 16 
differential equations: 17 
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 3 
For a pin-ended column where the end sections are free to warp, but prevented from 4 
rotating about the longitudinal column axis, the boundary conditions are: 5 
 6 
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Adopting the boundary conditions (32), the solution of Eqs. (26-28) is (see Timoshenko 11 
and Gere 1961): 12 
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3.1 Flexural Buckling 3 
 4 
Eqs. (33) and (34), of course, do not represent new findings. Originally proposed by 5 
Engesser (1889), the use of the tangent modulus to determine the pure flexural buckling 6 
load of columns is widely used and accepted. Although elastic unloading at the convex side 7 
of bending results in post-buckling capacity (Shanley 1947), this post-buckling capacity is 8 
usually marginal for non-linear metals as a result of the rapid loss of stiffness at higher 9 
strain levels. Consequently, the tangent modulus approach has been demonstrated to yield 10 
good predictions of the ultimate capacity of columns failing in flexural buckling. Research 11 
confirming this finding has been carried out by, among others, Osgood and Holt (1938), 12 
Leary and Holt (1946), Holt and Leary (1946), Johnson and Winter (1966), Rasmussen and 13 
Hancock (1993) and van den Berg (2000). The aforementioned research includes test on 14 
various aluminium and stainless steel alloys and encompasses columns of various cross-15 
sections. 16 
Heimerl and Roy (1945) conducted tests on extruded 75S-T aluminium ³WKLQ-VWULS´17 
columns with rectangular cross-section. These particular tests are here used to illustrate Eq. 18 
(34). Figure 5 compares the reported data to Eq. (34), where a Ramberg-Osgood 19 
representation (Ramberg and Osgood 1943) of the stress-strain curve was used to calculate 20 
the tangent modulus: 21 
 17 
 1 
1n
%2.0
0%2.0
0%2.0
t
nE002.0
E
E 
¸¸¹
·
¨¨©
§
V
VV
V           (36) 2 
 3 
In Eq. (36), V0.2% is the 0.2% proof stress of the material and n is the strain-hardening 4 
parameter. For the material under consideration: E0 = 72.5 GPa, V0.2% = 534 MPa and n = 5 
22, as determined from the provided stress-strain curves in Heimerl and Roy (1945). 6 
Iterative calculations are necessary to solve Eq. (34). It is seen from Figure 5 that Eq. (34), 7 
representing the flexural buckling load of a perfectly straight column, constitutes an upper 8 
bound to the experimental data, which include the effects of initial imperfections. 9 
 10 
3.2  Pure Torsional Buckling 11 
 12 
Doubly symmetric sections with low torsional rigidity may be subject to a pure torsional 13 
buckling mode. The proposed theory is here verified against experimental data by 14 
Hopperstad et al. (1999), who conducted torsional buckling tests on extruded AA6082-T4 15 
aluminium cruciform columns. Tests were conducted for five b/t ratios (see Figure 6 for a 16 
definition of b and t), while the L/b ratio (with L representing the column length) was kept 17 
constant at 6. The out-of-flatness of the flanges was reported to be less than 0.005b. All 18 
columns were tested between fixed end plates, so that warping of the end sections was 19 
prevented. The boundary conditions for torsion can thus be expressed as: 20 
 18 
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which results in the replacement of Eq. (35) by (Timoshenko and Gere 1961): 4 
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The inelastic shear modulus G1 was calculated using Eq. (21) with Q = 0.33, N = -0.5 and 8 
with the tangent modulus Et determined by Eq. (36). The material parameters of the 9 
AA6082-T4 alloy, as reported by Hopperstad et al. (1999), are: E0 = 69.7 GPa, V0.2% = 131 10 
MPa and n = 23. Since the heart lines of the constituent plate elements of the cross-section 11 
intersect at the shear centre, the classical theory of torsion (see Timoshenko and Gere 1961) 12 
dictates that CZ = 0, leaving only the contribution of pure torsion in Eq. (35): 13 
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However, a more accurate approach originates from the realization that torsional buckling 17 
of the cruciform column is synonymous with local buckling of the four constituent flanges 18 
as plates simply supported along one longitudinal edge, with the other longitudinal edge 19 
 19 
free (Figure 6), and that consequently longitudinal bending stresses develop in the flanges 1 
during torsional buckling. These bending stresses implied by plate theory are indeed 2 
equivalent to the warping stresses in the context of column theory. This allows for a more 3 
accurate determination of CZ by noting that, if transverse plate bending is neglected (Figure 4 
7): 5 
 6 
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and that the moment per unit plate width Mx is given by: 9 
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Consequently, the shear force per unit plate width Vx is given by: 13 
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And the associated torsional moment is: 17 
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A slightly more accurate equation can be obtained by replacing Eq. (41) by the expression 5 
for Mx obtained from inelastic plate theory (Becque 2010), while maintaining the 6 
displacement field proposed by Eq. (40): 7 
 8 
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The corresponding shear force is: 11 
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where Myx = 0 as a result of Eq. (40). 15 
Eq. (38) then becomes: 16 
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 21 
Since the warping resistance of the cruciform section is a priori small, Eq. (47) leads to 1 
predictions which differ by less than 0.5% from the results of Eq. (38), combined with Eq. 2 
(44), for the examples here considered. 3 
Figure 8 plots the experimental results reported by Hopperstad et al. (1999) and compares 4 
them with the predictions of Eq. (38), using Eq. (44) to calculate CZ. Iterative calculations 5 
are again necessary to solve Eq. (38). Good agreement between the predicted and the 6 
experimentally measured buckling stresses is obtained: the average ratio of the predicted to 7 
the measured buckling stress is 0.98. For comparison, Figure 8 also displays ,O\XVKLQ¶V8 
(1947) solution for the buckling problem of a cruciform column, which is based on plastic 9 
deformation theory:  10 
 11 
2
t
s
22
t
cr
b
t
E
E
L
b
3
4
3
E
¹¸
·
©¨
§
»»¼
º
««¬
ª ¹¸
·
©¨
§S V         (48) 12 
   13 
where Es is the secant modulus. 14 
On a related note, it is seen from the experimental data that, since plates possess significant 15 
post-buckling capacity, the ultimate stress of the cruciform columns can considerably 16 
outreach the buckling stress. This is particularly true for the longer specimens, which 17 
buckle elastically. 18 
Figure 9 compares the experimental data of Hopperstad et al. (1999) to two alternate 19 
solutions, the first of which was obtained from inelastic plate theory (Becque 2010), while 20 
the second one resulted from applying Eq. (39). With respect to Eq. (39), it is noted that the 21 
 22 
omitted term in Eq. (38) becomes smaller for smaller values of Et (meaning larger stresses 1 
and thus smaller b/t values), but on the other hand increases for larger CZ/L2 values (which 2 
also means smaller b/t values in Fig. 9, since  the aspect ratio b/L is fixed). Which effect 3 
will dominate depends on the material stress-strain curve. With respect to the solution 4 
obtained from inelastic plate theory, each flange is regarded as a plate simply supported 5 
along three edges with one longitudinal edge free. Neither theory accounts for the slight 6 
rotational end restraint present in the experiments, which becomes relatively more 7 
important for longer specimens. On the other hand, for very short columns, plate theory 8 
yields better predictions over Eq. (38) because column theory fails to account for the 9 
transverse plate bending, which becomes important in shorter specimens. 10 
 11 
4. COLUMNS WITH A SINGLY SYMMETRIC CROSS-SECTION 12 
 13 
If the x-axis is an axis of symmetry, then: y0 = 0, and Eqs. (26-28) become: 14 
 15 
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 1 
The flexural buckling mode about the y-axis, described by Eq. (49), which is dependent on 2 
u, is uncoupled from the flexural-torsional buckling mode in the y-direction, described by 3 
Eqs. (50-51), which contain v and I. If the column ends are free to rotate about the x- and 4 
y-axes, but prevented from warping and rotating about the longitudinal axis, the flexural-5 
torsional buckling load P is determined by the equation (see Timoshenko and Gere 1961):  6 
 7 
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 9 
where Px and PI are given by Eqs. (33) and (38) respectively. Consequently: 10 
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Eq. (53) is first verified against experimental data provided by Leary and Holt (1946). The 14 
researchers tested equal-leg angles with dimensions 63.5mm x 63.5mm x 6.35mm, 15 
manufactured by extrusion of 14S-T aluminium.  The reported material properties are: E0 = 16 
73.1 GPa, V0.2% = 394 MPa, n = 27 and Q = 0.33. The overall imperfections were reported to 17 
be less than L/1000. Using Eq. (44), the warping constant CZ was calculated as: 18 
 19 
 24 
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 2 
Figure 10 compares the experimental data to the theoretical predictions. Iterative 3 
calculations are necessary to solve Eq. (53). The theory confirms the experimental 4 
observation that the longer columns fail by flexural buckling about the weak principal axis 5 
of the angle, while the shorter columns fail by flexural-torsional buckling. A close match 6 
between the theory and the experiment is obtained, with an average ratio of the predicted to 7 
the measured load of 1.00 for the specimens failing by flexural-torsional buckling. It should 8 
be noted that the test data represent ultimate (failure) stresses, while the theory predicts 9 
buckling stresses. The close match suggests that post-buckling capacity is limited for this 10 
type of inelastic buckling.     11 
Secondly, Eq. (53) is verified against tests on 3Cr12 stainless steel hat section columns, 12 
failing by flexural-torsional buckling (van den Berg 1988). The material properties, as 13 
reported by van den Berg are: E0 = 222 GPa, V0.2% = 319 MPa and n = 6.3. The cross-14 
sectional dimensions are shown in Fig. 11. Figure 12 compares the results of Eq. (53) with 15 
the experimental data in dashed line. It is seen that the capacity of the shorter specimens 16 
significantly exceeds the predictions. The difference can be attributed to the fact that the 17 
sections were cold-formed, resulting in significantly increased corner properties (see, 18 
among others, Lecce 2006, Becque 2009). Due to the location of the corners with respect to 19 
the principal axes, the enhanced corner areas considerably increase the effective second 20 
moment of area Iy, while also improving the warping resistance. This effect becomes more 21 
 25 
pronounced for specimens failing at higher stresses in the inelastic range. To take into 1 
account these enhanced corner properties, the cross-sectional properties Ix, Iy, A, J and CZ 2 
were recalculated, where the corners were given an equivalent increased thickness teq: 3 
 4 
 t
E
E
t
t
tc
eq            (55) 5 
 6 
In the above Eq. (53), Et is the tangent modulus of the material constituting the flat 7 
segments of the cross-section, while Etc is the tangent modulus of the rounded corner 8 
material, calculated at the same strain value. The Ramberg-Osgood parameters necessary to 9 
calculate Etc were obtained from Lecce (2006): V0.2% = 571 MPa and n = 4. Iterative 10 
calculations are necessary to ensure Et is calculated at the buckling stress. Figure 12 11 
displays the results of these calculations in solid line. The inelastic local buckling stress of 12 
the cross-section, which was calculated using the method set out by Becque et al. (2011), is 13 
also indicated. It is seen that good agreement is obtained between the predictions of Eq. 14 
(53), taking into account the enhanced corners, and the experimental data, up to a stress 15 
level slightly below the inelastic local buckling load. Above this level, local-overall 16 
interaction buckling becomes the governing failure mode, which cannot be accounted for 17 
using this column theory. The average ration of predicted to experimental load is 1.00 for 18 
the specimens failing in pure flexural-torsional buckling. 19 
 20 
CONCLUSIONS 21 
 26 
 1 
The paper presents the differential equations governing flexural, torsional and flexural-2 
torsional buckling of inelastic columns. The theory is consistent with the principles of 3 
plastic flow theory and avoids the plastic buckling paradox by deriving an expression for 4 
the inelastic shear stiffness while considering an infinitesimal solid element transitioning to 5 
its shear-deformed state. 6 
The theory is verified against experimental data available in literature, including examples 7 
of the pure flexural and pure torsional buckling modes of columns with a doubly symmetric 8 
cross-section, as well as examples of the flexural and flexural-torsional buckling modes of 9 
columns with a singly symmetric cross-section. Good agreement between the theory and 10 
the experiment is observed over the whole range of buckling modes.   11 
 12 
13 
 27 
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Figure 1. Material stress-strain curve 
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Figure 2. von Mises surface 
  
Figure 3. a. Infinitesimal element within the column, b. Mohr͛s circle of incremental plastic strain, 
c. Mohr͛s circle of incremental stress 
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Figure 4. Column cross-section 
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Figure 5. Tangent modulus curve vs. flexural buckling stress 
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Figure 6. Torsional buckling of a cruciform column 
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Figure 7. Flange in deformed state 
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Figure 8. Torsional buckling of a cruciform section (AA6082-T4) 
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Figure 9. Approximate solutions for the cruciform column buckling problem 
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Figure 10. Flexural-torsional buckling of aluminium angles 
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Figure 11. Hat section dimensions (in mm) 
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Figure 12. Flexural-torsional buckling of a hat section column 
 
